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Abstract

The equilibrium Oosawa–Asakura model for nucleated assembly of rod-like protein fibers is recast in terms of
dimensionless(scaled) quantities. The model is then generalized to treat arbitrarily large deviations from thermody-
namic ideality arising from high fractional volume occupancy by an inert protein or polymer. Each state of association
of the self-associating protein is modeled as an equivalent rigid convex particle(sphere or spherocylinder) and the
crowding species is modeled either as an equivalent sphere or cylindrical rod. The resulting conservation of mass
relation is readily solved to yield the fractional abundance of monomer, from which the entire equilibrium distribution
of oligomeric species can be calculated, either directly or through the use of an additional scaling relationship. Results
indicating the potential effect of volume occupancy on the equilibrium solubility of the self-associating protein and
upon the equilibrium distribution of polymer size are presented. It is found that the fractional(logarithmic) change
in both solubility and in the breadth of the polymer size distribution scale almost linearly with the fractional
(logarithmic) change in the thermodynamic activity of monomer.� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The reversible formation of fibrous aggregates
of protein is widespread in biologyw1x. Although
all physiological fluid media are characterized by
a high total macromolecular concentration, the
effect of high total macromolecular concentration
on the rate andyor extent of protein fiber formation
has been studied systematically only in the cases
of deoxy sickle hemoglobinw2,3x, actin w4x and
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the bacterial septation protein FtsZw5x. While the
detailed mechanism of fiber assembly differs
between each of these proteins, in all three cases
it has been shown that the large effect of high
protein concentration on the rate andyor extent of
polymer formation may be essentially entirely
accounted for on the basis of excluded volume.
On the basis of these studies, one would expect
excluded volume to play a significant role in most
or all reactions leading to protein fiber formation
under physiological conditions.
Since the detailed mechanism of fiber formation

varies between different proteins and perhaps
between different experimental conditions for a
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single protein as well, and in view of the amount
of work involved in the characterization of a
polymerizing system, it is unlikely that a large
number of different fiber-forming systems will be
exhaustively characterized experimentally. We
therefore attempt to determine whether there exist
general qualitative or semiquantitative relation-
ships governing excluded volume effects upon the
rate and extent of protein fiber formation that are
independent of, or insensitive to, detailed differ-
ences in reaction mechanism.
In the present paper, we generalize the Oosawa–

Asakura equilibrium model for nucleated fiber
formation w1,6x to take into account the thermo-
dynamic consequences of excluded volume arising
from the presence of high concentrations of inert
macromolecules. Analytic and numeric solutions
of the quantitative relations obtained reveal general
features of the simulated polymerization equilibria
that are insensitive to details of the model, and
hence likely to apply to more complex and realistic
processes as well.

2. Theory

2.1. Equilibrium relations

All of the models to be considered in the present
work are simplifications of a general equilibrium
model for self-association, in which the equilibri-
um constant for addition of monomer to an oligo-
mer of degree of polymerization(dop) iy1 is
defined as

ciy1Ž .K M s (1)i c ciy1 1

wherec denotes the molar concentration ofi-mer.i

This formalism is valid under thermodynamically
nonideal as well as thermodynamically ideal con-
ditions, recognizing that

0 µ ∂KsK G c (2)Ž .i i i

whereK is the value ofK in the ideal limit.G0
i i i

is a nonideal correction factor given by

µ ∂ µ ∂g c g cŽ . Ž .iy1 1

µ ∂G c ' (3)Ž .i
µ ∂g cŽ .i

whereg denotes the thermodynamic activity coef-j

ficient of speciesj, and{ c} denotes the total solute
composition, including concentrations of solutes
other than the self-associating proteinw7,8x. In the
present work we consider only situations in which
the self-associating protein is itself dilute; devia-
tions from ideality are attributed exclusively to the
presence of other macromolecular species at high
concentration. Under these conditions theg andi

K will be independent of the concentration ofi

polymerizing protein.
We define the(dimensionless) mass fraction of

i-mer as

icifs (4)i ctot

wherec denotes the total concentration of proteintot

expressed as moles of monomer or protomer per
liter

`

c s ic (5)tot i8
is1

We additionally define the(dimensionless)
scaled equilibrium constant

0X'K c sX G (6)i i tot i i

where X is the value ofX in the ideal limit.0
i i

Combining Eqs.(1) and (4) and Eq. (6), we
obtain the following set of scaled(dimensionless)
equilibrium relations

f ii s X (7)if f iy1iy1 1

By recursive application of Eq.(7), it may be
shown that

ifs iF f (8)i i 1

whereF is a dimensionless cumulative equilibri-i

um constant given by
i

F s X (9)i j2
js2

Conservation of mass is expressed by the fol-
lowing relation
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` `
i1s fsf q iF f (10)i 1 i 18 8

is1 is2

Given the values ofX , Eq. (9) and Eq.(10)i

may be solved—in principle—for the value off ,1
and thence, via Eq.(8), the values of allf . If thei

infinite series indicated in Eq.(10) is not rapidly
convergent, numerical solution may be difficult or
impractical. However, the problem may be simpli-
fied considerably, without significant sacrifice of
physical relevance, as described below.

2.2. Simplified structuralyenergetic model for
nucleated fiber formation

It is assumed, in accordance with the Oosawa–
Asakura model, that there exists some smallest
oligomeric species containing all elements of the
periodic structure characterizing the fully formed
protein fiber, and that addition of monomer to
oligomers of this size or larger(under thermody-
namically ideal conditions) is associated with
equal increments of free energy, i.e. an equal
stepwise association equilibrium constant. We shall
subsequently refer to this particular oligomer as
‘nucleus’, with degree of polymerizationn, species
with degree of polymerization(n as ‘prenuclear’
species, and species with degree of polymerization
)n as ‘postnuclear’ species. According to this
simplificationK sK andX sX for i)n. It is0 0 0 0

i ` i `

further assumed that the nucleus represents a ‘start-
ing point’ or scaffold for construction of a fiber,
according to which the radius of the fiber is fixed.
Thus, addition of monomer to oligomers of dopn
or greater results in fiber elongation, but does not
alter the radius of the fiber.
Previous studies of nucleated fiber formation

w1,9x have postulated that the equilibrium associ-
ation constant for formation of prenuclear oligo-
mers is independent ofi for is2–n, even though
there is no obvious reason to expect a priori that
stepwise entropy changes associated with the addi-
tion of monomer to small oligomers are uniform
w10x. For the sake of comparison with these pre-
vious models we define a single prenuclear step-
wise association constantK , equal to the0

pre

(ny1)th root of and the corresponding0n K ,j2js2

normalized prenuclear association constantX .0
pre

Hence in the ideal limit, the simplified equilibrium
model for nucleated fiber formation reduces to Eq.
(7) with X sX for i(n, andX sX for i)n.0 0

i pre i `

2.3. Hard particle models for excluded volume

In the present study it is stipulated that excluded
volume effects arise from the presence of a single
species of inert macromolecule(called C or
‘crowder’) that may occupy a substantial fraction
of the total volume of the fluid medium. The fiber-
forming protein(called A) is assumed to be dilute,
contributing negligibly to the fractional volume
occupancy of the medium. Thus, the thermody-
namic activity coefficient of each species of A is
independent of allf and, for a specified molecularj

geometry, depends only upon the concentration of
crowder.
The contribution of excluded volume to the

thermodynamic activity of a macrosolute is calcu-
lated using approximate equations of state derived
for hard particle fluids, in which each molecular
species is represented by an equivalent hard parti-
cle having a size and shape resembling that of the
corresponding macromolecule(insofar as possi-
ble). Justification for this procedure has been
presented elsewherew11x. In the present study we
employ the following equivalent particles, shown
schematically in Fig. 1.
(1) Monomers and oligomers of A with dopi,

where 1(i(n, are represented as equivalent
spheres with a volume equal toi times that of
monomer. The radius of the spherical particle is
thus given by

1y3rsi r (11)i 1

(2) Rod-like oligomers of A with dopi)n are
represented as spherocylinders with a volume1

equal toi times that of monomer and a(constant)
cylindrical radius equal tor , the radius of then

spherical nucleus. The ratio of the length of the
cylindrical portion of the spherocylinder to its
diameter is then given by the following relation-

A spherocylinder is a cylinder capped on each end by a1

hemisphere.
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Fig. 1. Schematic representation of self-associating tracer protein A as a monomer, prenuclear and nuclear oligomers(1-i(n), and
postnuclear rod-like oligomer(isnqm, wherem)0).

ship obtained from considerations of conservation
of volume

2
Ls (iyn) (12)i 3n

(3) Crowder molecules are modeled according
to the structure of the crowder. A rigid globular
protein is represented by an equivalent hard spher-
ical particle with radiusr , and a large random-C

coil polymer is represented by a random lattice of
cylindrical rods with radiusr . According to theC

scaled particle theory of Cotterw12x, the activity
coefficient of a spherocylindrical tracer with cylin-
drical radius r and cylindrical lengthydiameterT

ratio L in a fluid of rigid spheres occupyingT

fractionw of total fluid volume is given by

2 3lng syln(1y w)qA QqA Q qA Q (13)T 1 2 3

where

Qswy(1yw)
3 2 2Ž .A sR q3R q3Rq1.5L R q2Rq11 T

3 2 2Ž . Ž .A s1.5 2R q3R q4.5L R qR2 T
3 2A s3R q4.5L R3 T

and

R'r yr .T C

In the limiting case of a spherical tracer(L sT
0), Eq. (13) reduces to an earlier result obtained
for rigid sphere mixturesw13x.
According to the available volume theory of

Giddings et al.w14x, the activity coefficient of a
spherocylindrical tracer particle in a fluid of rigid

rods of radiusr occupying fractionw of totalC

fluid volume is given by

B EB Er rT TC FC Ž . Flng s 1q 1q L q1 w (14)T Tr rD GD GC C

In the limiting case of a spherical tracer(L sT
0), Eq. (14) reduces to the result obtained for the
case of a sphere in a random matrix of rods by
Ogstonw15x.
For both hard particle models, the excluded

volume effect will then be specified by two input
parameters,w, the volume fraction of crowder, and
R'r yr , wherer is the radius of monomer and1 C 1

r is either the radius of a hard sphere crowder orC

the cylindrical radius of a hard rod crowder.
In Appendix A it is shown that for both excluded

volume models,G is independent ofi, and there-i

fore denoted henceforth byG , for all i)n. It`

follows that for all i)n, the value ofX sK G c0
i i i tot

is likewise independent ofi, and will be denoted
here byX . Eq. (9) may then be rewritten as`

iynF sF X (15)i n `

and the conservation of mass condition Eq.(10)
thus becomes

n `
i n jw x1sf q i F f qF f (nq j) X f (16)1 i 1 n 1 ` 18 8

is2 js1

The last term on the r.h.s. of Eq.(16), repre-
senting the total mass fraction of all oligomers
with dop exceedingn, will subsequently be termed
the mass fraction of polymer and denoted by
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f . The infinite series appearing in this termpoly

may be analytically evaluatedw16x, leading to

n
i1sf q iF f1 i 18

is2

w zX f X f` 1 ` 1nx |qF f n q (17)n 1 2y ~Ž .1yX f 1yX f` 1 ` 1

Eq. (17) may be recast as a polynomial inf 1
of order n, which has one and only one physical
root (i.e. a real root lying between 0 and the lesser
of 1 or 1yX ). This root may be readily evaluated`

by any of a number of polynomial-solving algo-
rithms w17x. Given the physical value off satis-1

fying Eq. (17), the weight-average degree of
polymerization, denoted by dop may be evaluatedw

as follows:

` `
2 idop s ifsf q i F fw i 1 i 18 8

is1 is2
n `

2 i 2 isf q i F f q i F f1 i 1 i 18 8
is2 isn
n

2 isf q i F f1 i 18
is2

`
n 2 jŽ .qF f (nqj) X fn 1 ` 18
js1

wn X f` 12 i n 2xsf q i F f qF f n1 i 1 n 18 y 1yX f` 1is2

X f` 1q2n 2Ž .1yX f` 1

2zŽ .X f q X f` 1 ` 1 |q (18)3 ~Ž .1yX f` 1

It will be shown subsequently that equilibrium
species distributions characteristic of nucleated
fiber formation contain a low dop fraction consist-
ing primarily of monomer and a high dop fraction
which may be separated from the low dop fraction
by centrifugation. We shall therefore refer to the
total fractional mass of all species with dop(

as the soluble fraction,f , and thenn( f )i sol8is1

remainder as the fraction of ‘poly-`( f )i8isnq1

mer’, f .poly

2.4. Scaling relationships

It follows from Eq. (8) and Eq.(15) that, for i
and j)n,

f ii iyjs Q (19)
f jj

whereQ'X f . Consider two different sets of` 1

experimental conditions(condition sets 1 and 2)
in which the variousX characterizing the self-i

associating system, includingX have different`,

values denotedX andX . These different values1 2( ) ( )
i i

of X will lead to two different solutions of Eq.i

(17), denoted f and f , respectively, two dif-1 2( ) ( )
1 1

ferent values ofQ, denotedQ andQ , respective-1 2

ly, and result in two different values off ,poly

denoted byf (Q ) and f (Q ), respectively.poly 1 poly 2

For condition sets 1 and 2 we may respectively
write

f ii iyjs Q (20)1f jj

and

f mm myns Q (21)2f nn

Inspection of Eq.(20) and Eq.(21) reveals that
f y f will be identical to f y f , if msci, nscj,m n i j

andQ sQ . Put another way, given any two1yc( )
2 1

values forQ andQ , there exists a scaling factor1 2

c'ln(Q )yln(Q ) such that the ratio of mass1 2

fractions of oligomers of dopi and dopj under
condition set 1 is the same as the ratio of mass
fractions of oligomers of dopci and dopcj under
condition set 2. Thus, variation in the value ofQ

(i.e. in the value ofc) leads to an expansion(c)
1) or contraction (c-1) of the width of the
distribution by a factor ofc, but does not affect
the ratio of relative abundances of(ci)-mer and
(cj)-mer. Since the total mass fraction of polymer
in each distribution must scale as the relative width
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times the relative height of that distribution, it
follows that

Ž . Ž .cf Q f Qci 2 poly 2
s (22)

Ž . Ž .f Q f Qi 1 poly 1

Eq. (22) is a universal relationship that depends
only upon the validity of the assumption thatX isi

independent ofi for all i)n. It applies between
any two distributions of oligomers, independent of
the values ofn, X , orG , so long as comparisons0

` `

are restricted to postnuclear species only. Given
one distribution of postnuclear species and the
associated values ofQ and f , it becomespoly

trivially simple to compute any other distribution
of postnuclear species via Eq.(22), given the
corresponding values ofQ and f .2poly

2.5. Method of calculation

The ideal model is specified by three input
parameters,n, X , andX . Given the values of0 0

pre `

these three parameters, the values off and1

Q('X f ) are calculated forws0 via numerical0
` 1

solution of Eq.(17), which enables the subsequent
calculation of f and dop as described above.sol w

We shall refer to these particular values off and1

Q as the ideal or reference values and denote them
by f andQ . The excluded volume contribution0 0

1

to nonideal behavior is specified by two additional
input parameters,w()0) andR. Given these par-
ameters, the values ofg are then calculated fori

is1–nq1 using either Eq.(13) or Eq. (12)
depending upon the choice of crowder model.
ThenG andX are calculated as described abovei i

for is1 to nq1, X set equal toX , and Eq.` nq1

(17) is again solved forf andQ, which differ1

from the respective reference values. The values
of f and dop are calculated as before, togethersol w

with the scaling factorcsln(Q )yln(Q), which0

For purposes of calculation of the species index,ci is2

rounded to the nearest integer. The accuracy of this approxi-
mation has been checked by comparison of distributions
calculated directly using Eq.(7) and Eq.(8) and calculated
indirectly via Eq. (22). It is recognized that Eq.(22) only
permits one to calculate the abundance of everycth dop, rather
than every dop. However, this is sufficient for all practical
purposes.

indicates the expansion of the distribution of post-
nuclear species relative to that calculated for the
same parameters under ideal conditions(ws0).
The distribution of postnuclear species may be
calculated either via repeated application of Eq.
(7), when the distribution is sufficiently narrow,
or via the scaling relation, Eq.(22), when the
distribution is too broad to make direct calculation
impractical.
Numerical calculations were performed using

MATLAB 5.3 (Mathworks, Natick, MA). Copies of
the scripts used are available upon request.

3. Results and discussion

The equilibrium properties of the simplified
model for nucleated fiber formation described here
have been explored in the ideal limit by Oosawa
et al. w1,6x and by Goldstein and Stryerw9x. The
nucleated model differs qualitatively in the pre-
dicted distribution of species from that predicted
by simple linear models for fiber formation, such
as the isodesmicw18x, isoenthalpicw10x, or quasi-
isodesmicw19x models. In the linear model the
distribution has a single maximum corresponding
to either monomer, or some very high dop, depend-
ing upon the total concentration of protein relative
to the equilibrium association constant(s). The
equilibrium distribution of species calculated
according to the (ideal) Oosawa–Asakura
model is quite sensitive to the ratios'X yXpre `

(sX yX ), termed the cooperativity factor by0 0
pre `

Goldstein and Stryerw9x. Whenss1, the Oosa-
wa–Asakura model reduces to the isodesmic mod-
el. However, whens becomes significantly less
than unity, a bimodal distribution is predicted,
consisting of a narrow range of low dop species,
with a maximum at monomer, and a second very
broad and shallow distribution with a maximum at
high dop. Calculated examples are shown in the
left and center panels of Fig. 2.
Given the above specification of the relative

sizes and shapes of all species, the sedimentation
coefficient of each oligomer relative to that of
monomer may be calculated using approximate
relations given in Appendix B. The cumulative
fraction of protein with a sedimentation coefficient
below a given value, denoted byf , is plottedcum
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Fig. 2. Distributions of oligomer size and sedimentation coefficient, calculated in the ideal limit forns5 and several combinations
of pre- and post-nuclear equilibrium association constants. Solid curves:X s0.333,X s3; long dashed curves:X s0.25,X s0 0 0 0

pre ` pre `

4; dot-dashed curves:X s0.2, X s5; Left panel: distribution of prenuclear oligomers. Center panel: distribution of postnuclear0 0
pre `

oligomers. Right panel: cumulative distribution of sedimentation coefficient.f denotes the cumulative amount of protein withcum

sedimentation coefficient less than or equal to the indicated relative sedimentation coefficient.

for each of the calculated distributions shown in
the right panel of Fig. 2. In each case, the presence
of a plateau region withf equal to the sum ofcum

mass fractions of prenuclear species indicates that
under these conditions, it is relatively simple to
separate slowly sedimenting species(dop(n) and
rapidly sedimenting species(dop)n) species via
centrifugation. We thus operationally refer to the
protein in the slowly sedimenting fraction(mostly
monomer) as ‘soluble’ protein, and the protein in
the rapidly sedimenting fraction(dop)n) as ‘poly-
mer’. It may be seen that the solubility(mass
fraction of soluble protein) and weight-average
degree of polymerization are sensitive functions of
n, X andX .0 0

pre `

An example of the possible effect of excluded
volume on the distribution of oligomeric species
is shown in Fig. 3. The results shown were
obtained for a single set of ideal parameters, given
in the figure caption, upon varying the total volume
fraction of an inert hard spherical crowding protein
equal in size to that of the monomer. It may be
seen that upon increasing the fractional occupancy
of crowder from 0 to 0.3, the solubility decreases
approximately 50-fold(left panel) and the distri-
bution of postnuclear oligomers expands by a
factor of approximately 100-fold(center panel).

The right hand panel shows that the shape of the
distribution of postnuclear oligomers is conserved
upon normalization relative to the maximal frac-
tional abundance, as predicted by the scaling rela-
tion Eq. (22). More generally, it is possible to3

show that for both the rigid sphere and rigid rod
crowder models, an increase in the fractional
occupancyw results in a decrease inX yX , i.e.pre `

an increase in the cooperative nature of the assem-
bly process, for allR)0 andn02.4

While the magnitude of excluded volume effects
increases monotonically with increasing total frac-
tional volume occupancyw, the relationship is
highly nonlinear, and moreover depends sensitively
upon the relative sizes of crowder and tracer
speciesw7,8,11x. We hypothesized that there may
be a more straightforward relationship between the
magnitude of one excluded volume effect and a
second excluded volume effect, namely the effect
of crowder on the activity coefficient of monomer.
The hypothesis is tested by plotting fractional
changes in solubility and the scaling parameterc

Although the total amount of polymer increases with3

increasing volume occupancy, the maximum amplitude of the
distribution decreases due to the distribution of protein among
a rapidly increasing number of states of oligomerization.

Calculations available upon request.4
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Fig. 3. Distributions of oligomer size, calculated forns5, X s0.333,X s3, andr sr . Curves calculated forws0 (a); 0.1 (b);0 0
pre ` 1 C

0.2 (c); and 0.3(d). Right panel shows same data as center panel, normalized to the maximum amplitude of the distribution of
postnuclear species.

against the activity coefficient of monomer, and
exploring the extent to which the correlation
between the two plotted variables depends upon
the particulars of the simulation. A selection of
results obtained is presented in Fig. 4 and Fig. 5.
Several salient points emerge from these results
and comparable results obtained for other values
of n and R (data not shown, but available upon
request).
(1) When the value ofX becomes sufficiently0

`

great, the logarithm of each of the three variables
examined(the scaling factorc, the relative solu-
bility f y f , and the relative activity of mono-0

sol sol

mer a ya ) vs. approaches a limiting quasi-linear0
1 1

dependence upon the logarithm of the activity
coefficient of monomer. The average slope of this
quasi-linear dependence is almost entirely inde-
pendent of the values ofX , X , andR (the ratio0 0

pre `

of monomer to crowder size), but increases, in an
absolute sense, with increasingn.
(2) The (average) slope of the limiting quasi-

linear dependence of both logf y f and loga y0
sol sol 1

a upon logg is essentially identical for the case0
1 1

of the crowder modeled as a rigid sphere and for
the case of the crowder modeled as a rigid rod.
However, for larger values ofn, the limiting slope
of log c vs. logg is larger for the spherical1

crowder model than for the rod-like crowder
model.

(3) To the extent that species intermediate
between monomer and large rod-like aggregates
are absent, one would expect the formation of long
fibers to be thermodynamically analogous to con-
densation. It is assumed in the conventional treat-
ment of condensation(or solubility) that the
thermodynamic activity of the solute in equilibri-
um with the condensed phase is independent of
the amount or size of condensed phase, from which
it follows that the thermodynamic activity of mon-
omer in equilibrium with the condensed phase
should be constant at constant temperaturew20x.
The observation thata increases with increased1

crowding appears to be at variance with this
expectation. However, there is a simple explana-
tion of this apparent anomaly. Under conditions
such that the weight-average dop is very large, Eq.
(18) tells us thatX f sX G f f1. It follows0

` 1 ` ` 1

that

lna (w)slng (w)qlnf (w)qlnc1 1 1 tot
0flng (w)ylng (w)ylnXj jy1 `

q lnc (23)tot

whereg andg denote the activity coefficientsjy1 j

of any two oligomers such thatj)nq1. Denoting
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Fig. 4. Logc, log f y f and loga ya plotted as a function of logg . Results in panels on left side of figure were calculated0 0
sol sol 1 1 1

using rigid rod model of crowder, results in panels on right hand side were calculated using rigid sphere model of crowder. Families
of curves plotted in each panel were calculated withns2 and the following combinations ofX andX : {0.5, 2}, {0.333, 3},0 0

pre `

{0.2, 5}, {0.1, 10}, and {0.0333, 30}. Curves lying furthest from the consensus curve were obtained for the smallest values of
X .0`
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Fig. 5. Same as Fig. 4, except results were obtained withns7.
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the value ofa at ws0 by a , it follows from Eq.0
1 1

(23) that

a1ln flng (w)y lng (w)sg(w) (24)j jy10a1

It is shown in Appendix A thatg(w) is inde-
pendent of the value ofj, and moreover, for the
model of crowder as a hard rod, linear inw. It is
thus evident that the activity of protein in the
‘condensed’ and solution phases can be regarded
as a constant only under conditions of constant
excluded volume (i.e. constant crowder
concentration).
(4) The results presented in Fig. 4 and Fig. 5

indicate a linear or near-linear dependence of
solubility on logg . Since the model of crowder1

as a hard rod predicts that logg varies linearly1

with w wEq. (14)x, these results predict a linear
dependence of the logarithm of the solubility upon
the concentration of polymeric crowder, in accor-
dance with published observationsw21–23x.
Work is currently in progress on the extension

of the models presented above to treat the effect
of excluded volume due to high volume occupancy
of an inert crowding species on kinetics of assem-
bly of protein fibers.

Appendix A: Calculation of G for i)ni

Hard sphere crowder. According to Eq.(13)
w12x,

lnG slng qlng ylngi 1 iy1 i
iy1 i( ) ( )w xslng q A yA Q1 1 1

iy1 i 2 iy1 i 3( ) ( ) ( ) ( )w x w xq A yA Q q A yA Q (A1)2 2 3 3

whereA denotes the value ofA correspondingi( )
j j

to species i. For all i)n, the addition of a
monomer to an oligomer results in an increase in
L by a constant incrementD, with no change in
R. Thus,L sL qD, andi iy1( ) ( )

i iy1 2( ) ( ) Ž .A sA q1.5D R q2Rq11 1
i iy1 2( ) ( ) Ž .A sA q4.5D R qR2 2
i iy1 2( ) ( )A sA q4.5DR (A2)3 3

Combination of Eq.(A1) and Eq.(A2) yields

2Ž .lnG slng y1.5D R q2Rq1 Qi 1
2 2 2 3Ž .y4.5D R qR Q y4.5DR Q (A3)

which is independent ofi.
Hard rod crowder. According to Eq.(14) w14x,

B Er ri iiy1 i( ) ( )C FŽ .lnG slng q 1q L yL w (A4)i 1 r rD GC C

For i)n, r yr is a constant(denoted byR) andi C

L sL qD. Thus, Eq.(A4) becomesi iy1( ) ( )

lnG slng yDRw (A5)i 1

which, like Eq.(A3), is independent ofi.

Appendix B: The sedimentation coefficient of
spherical (prenuclear) and rod-like (postnu-
clear) protein aggregates

The sedimentation coefficient of oligomer of
dop i, relative to that of monomer, is given by
w20x

s ii s (A6)
s F yF1 i 1

whereF is the frictional coefficient for sedimen-i

tation of speciesi. It follows from Stokes’ law
w20x that for a prenuclear oligomer represented as
a rigid sphere

1y3F yF si (A7)i 1

The postnuclear oligomer is approximated as a
cylindrical rod with radiusr sn r and lengthy1y3

n 1,

diameter ratioP sL q1, whereL is the lengthyi i

diameter ratio of the cylindrical section of the
spherocylindrical model used to calculate the activ-
ity coefficient of postnuclear oligomers. According
to w24x, the frictional coefficient of a randomly
oriented cylinder corresponding to an oligomer of
dop i, relative to that of spherical monomer, is
given by

F Pi i1y3sn (A8)
Ž .F lnPq´ P1 i i

where´(P)s0.312q(0.565yP)q(0.10yP ).2
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